msLTtinon, gergaudQenseeiht. f r S u m m a r y . Among optimal control problems, singular arcs problems are interesting and difficult to solve with indirect methods, as they involve a multi-valued control and differential inclusions. Multiple shooting is an efficient way to solve this kind of problems, but typically requires some a priori knowledge of the control structure. We limit here ourselves to the case where the Hamiltonian is linear with respect to the control it, and primarily use a quadratic (u^) perturbation of the criterion. The aim of this continuation approach is to obtain an approximate solution that can provide reliable information concerning the singular structure. We choose to use a PL (simplicial) continuation method, which can be more easily adapted to the multi-valued case. We will first present some convergence results regarding the continuation, and then study the numerical resolution of two example problems. All numerical experiments were conducted with the Simplicial package we developed.
Introduction
In indirect methods, applying the Pontryagin's Maximum Principle to a problem with singular arcs leads to a Boundary Value Problem with a differential inclusion. We denote this BVP with the following notations, that will be used throughout this paper. Let us denote x the state, p the costate, u the control, and (f the state-costate dynamics. liy = {x,p) € R"^ (n is thus twice the state dimension) and F denotes the set valued map of optimal controls, then one has (BVP) I ^(*^ ^ ^^y^^^^ = ^(^^*)' ^^y^*^^^ ^•^-^'°' *^] ^ ^ \^ Boundary Conditions First, we want to obtain some information regarding the structure of the solutions, ie the number and approximate location of singular arcs. We use for this a perturbation of the original problems by a quadratic (u^) term, as done for instance in [10] . We will show some convergence properties of this continuation scheme, that are mainly derived from the results in [4] by J.P. Aubin and A. Cellina, and [12] by A.F. Filippov. This continuation method {Pi) involves following the zero path of a multi-valued homotopy, which is why we chose a simplicial method rather than a differential continuation method (extensive information about continuation methods can be found in E. AUgower and K. Georg [2, 3] , and M.J. Todd [20, 21] ). Then we will study the practical path following method, and some of the numerical difficulties we encountered, which led us to introduce a discretized formulation of the Boundary Value Problem. Finally, we use the information from these two continuation approaches to solve the optimal control problems with a variant of the multiple shooting method. We will study in this paper two examples (from [11] and [10]) in parallel, whose similar behaviour indicates that our approach is not too problem-dependant.
First Example
The first example we consider is a fishing problem described in [11] . The state {x{t) G R) represents the fish population, the control {u{t) G R) is the fishing activity, and the objective is to maximize the fishing product over a fixed time interval: First we transform this problem into the corresponding minimization problem with the objective Min J^ (^^ -E) u{t) Umax dt (note that the numerical values of the problem are such that we always have ^^ -£? < 0, which corresponds to a positive fishing product). Applying the Maximum Principle of Pontryagin then gives the following hamiltonian system for the state x and costate p: Over a singular arc, the relations ip = 0 and ^ = 0 give the expression of the singular control (t is omitted for clarity)
